TWISTED GROUP RINGS WHOSE 
UNITS FORM AN FC-GROUP 

Victor Bovdi 

Abstract. Let U{K\G) be the group of units of an infinite twisted group algebra 
K\G over a field K. We describe the maximal -FC-subgroup of U{K\G) and give 
a characterization of U(K\G) with finitely conjugacy classes. In the case of group 
algebras we obtain the Cliff-Sehgal-Zassenhaus' theorem. 



1. Introduction. Let G be a group, K a field and A : GxG i — > U(K) a 2-cocycle 
of G with respect to the trivial action G. Then the twisted group algebra K\G 
of G over field K is an associative FT-algebra with basis {u g \ g G G} and with 
multiplication defined for all g,h G G 

U g U h = Xg,hUgh, {^g,h £ A) 

and using distributivity. 

Let U (K\G) be the group of units of K\G and let AU be its subgroup consisting 
of all elements with finitely many conjugates in U(K\G). This subgroup AU is 
called the FC-center of U(K X G). Clearly, if AU = U(K X G), then U(K X G) is an 
FC-group (group with finite conjugacy classes). 

The problem to study the group of units of group rings with FC property was 
posed by S.K. Sehgal and H.J. Zassenhaus [1]. For a field K of characteristic they 
described all groups G without subgroups of type p°° for which the group of units 
of the group algebra of G over K is an FC group. This was spelling for arbitrary 
groups by H. Cliff and S.K. Sehgal [2]. 

In this paper we describe the subgroup AU when K\G is infinite. Let t{AU) 
be the group of all elements of finite order of AU. Then AU is a solvable group of 
length at most 3 and subgroup t(AU) is of nilpotent class at most 2. This is new 
even for group algebras. We use this result for characterization of those cases when 
U (K\G) has FC property, and obtain a generation of the Cliff-Sehgal-Zassenhaus 
theorem for twisted group algebras. 
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2. The FC center of U(K X G). By the Theorem of B.H. Neumann [3] the 
elements of finite order in AU form a normal subgroup which we denote by 
t(AU), and the factorgroup AU/t(AU) is a torsion free abelian group. Evidently, 
67 = {nu a | k G U(K),a G 67} is a subgroup in U(K\G), while U(K) is a normal 
subgroup in 67, with factorgroup G/U(K) isomorphic to G. 

If x is a nilpotent element of the ring K\G then the element y = 1 + x is a unit 
in -^6^ and is referred to as a unipotent element of U(K\G). 

Let C(G0 be the center of group G and [g, h] = g~ 1 h~ l gh (g, h G 6). 

Lemma 1. Let -?Gv67 6e an infinite twisted group algebra. Then all unipotent ele- 
ments of the subgroup AU are central in AU . 

Proof. Let y = 1 + x be a unipotent element of AU and v G AU. Then for a 
positive integer we have x k = and by induction on we will prove vx = xv. 

The subgroup G = {Ku a \ k G U(K),a G 6} is infinite and by Poincare's 
Theorem the centralizer S of the subset {v, y} of G is a subgroup of finite index 
in G. Since G is infinite, S 1 is infinite and fy = yf for all / G S. Then xf 
is nilpotent and 1 + xf is a unit in Ka67. We can see easily that the set {(1 + 
xf)~ 1 v(l + xf) I / G S} is finite. Let ui, . . . ,1^ be the elements of this set and 
Wi = {f G S | (l + x/) _1 w(H-x/) = Then £ = UWj and there exists an index 
j such that Wj is infinite. Fix an element / G Wj. Any element g G Wj, q ^ f 
satisfies 

(1 + £,/)" V 1 + &/) = (! + V 1 + &g) 

and 

u(l + xg) _1 = (1 + xf)(l +xq)~ 1 v. 

Then 

f {(1 + xq) + (xf — xq)}(l + xq)~ l = {(1 + xq) + (xf — xq)}(l + xq)~ l v, 
v(l + x(f -q)(l + xq)' 1 ) = (1 + x(f -q)(l + xq)~ l )v 

and 

vx(f -q)(l+ xq)- 1 = x(f - q)(l + xq^v. (1) 

Now we use the induction mentioned above. For k = 1 the statement is trivial; so 
we suppose it is true for all 1 < n < k, where k > 2 is any given integers. 

If m > 2, then by induction hypothesis x m v = vx m for all v G AU. Clearly, if 
% > 1 then 

x(f - g)x t q t v = (f- g)x t+1 q l v = (f - g)vx t+1 q l = vx(f - g)x i q i . 
From (1) we have 

vx(f -q)(l-xq + x 2 q 2 + ■■■+ (-l) k ~ V" 1 ^" 1 ) 

= x(f -q)(l-xq + x 2 q 2 + ■■■+ (-l) k ~ V" 1 ^- 1 )^. 
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So (/ — q)(vx — xv) = 0. 

Now suppose xv 7^ vx. The element q~ l f G G can be written as Xuh 
(A G U(K), h G G). By vx — xv = J2t=i a i u gi 0, then we have 

s s 

^ \aiU h u gi - ^2 ®iU gi = 0. 

i=l i=l 

If /i G G satisfies this equation, then g\ = hgj for some j, and the number of such 
elements h is finite. Since Wj = {Xuh | A G U(K)} is an infinite set, there exist 
h and different elements Ai,A2 G K such that \\Uh,Muh G Wj. Then (A^h, — 
— xv) =0, (z = 1,2) and we obtain {\\Uh — \2Uh){vx — xv) = 0. This 
condition is satisfied only if vx = xv but does not hold. □ 

Lemma 2. Let K\G be an infinite twisted group algebra, H a finite subgroup of 
AU and Lh the subalgebra of K\G generated by H . Then the group of units U(Lh) 
of the algebra Lh is contained in AU , and the factorgroup U(Lh)/(1 + J(Lh)) is 
abelian. 

Proof. If H is a finite subgroup of AU and Lh is the subalgebra of K\G 
generated by H, then L H is a finite algebra over K and its radical J(L H ) is nilpo- 
tent. Then U(Ljj) is a subgroup of AU and by Lemma 1 all unipotent elements of 
U(Lh) are central in AU. Therefore 1 + J(Lh) is a central subgroup of AU and 
J(Lh) C ((Lh), where ((Lh) is the center of Lh- Then by Theorem 48.3 in [4] 
(p.209) 

L H = L H e x © • • • © L H e n © N, (2) 

where Ln^-i is a semiprime algebra (i.e. Ln^il J(Ln^i) is a division ring), iV is a 
commutative artinian radical algebra, ei, . . . ,e n are pairwise orthogonal idempo- 
tents. By Lemma 13.2 in [4] (p. 57) any idempotent e\ is central in Lh and U(Lh^\) 
is isomorphic to the subgroup (1 — + zei \ z G U(Lh)) of U(Lh)- 

Since U(L H ei) is a subgroup of the FC-group At/", it is an FC-group, too. As 
J(L H ei) is nilpotent (see [5]), 

U(L H e % )/(l + J(L H ei)) U(L H e % / J(L H e % )). (3) 

By Scott's Theorem [7], in the skewfield Lh^-iI J(Ln^i) every nonzero element is 
either central or its conjugacy class is infinite. Thus the FC-group U(Lnei)/(l + 
J(Lnei)) is abelian. 

Decomposition (2) implies 

L H /J(L H ) = Lh^i/ J (Lh^i) © • • • © L H e n /J(L H e n ) 

and 

U(L H )/(l + J(L H )) = U(Lh/J(L h )) 

= U(L H eilJ(LHei)) x • • • x U(L H e n / J(L H e n )). 
Therefore U (L H )/ (1 + J{L H )) is abelian. □ 
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Theorem 1. Let K\G be an infinite twisted group algebra and t(AU) the subgroup 
of AU consisting of all elements of finite order in AU . Then all elements of the 
commutator subgroup oft(AU) are unipotent and central in AU . 

Proof. Let if be a finite subgroup of t(AU) and Lu be the subalgebra of 
K\G, generated by H. Then the elements of the subgroup Hi = H n (1 + J{L H )) 
are unipotent and (by Lemma 1) central in AU. The subgroup H(l + J{L H )) is 
contained in U(Ljj) and 

H/H x = H/(H n (1 + J(L H ))) ^ (H(l + J(L H )))/(1 + J(L H )). 

By Lemma 2 the factorgroup U(Lh)/(1 + J(Lh)) is abelian. So H/H\ is abelian 
and the commutator subgroup of H is contained in Hi and consists of unipotent 
elements. 

Since the commutator subgroup of t(AU) is the union of the commutator sub- 
groups of the finite subgroups of t(AU), all elements of the commutator subgroup 
of t(AU) are unipotent and are central in AU. □ 

Theorem 2. Let K\G be an infinite twisted group algebra such that char(K) does 
not divide the order of any element of the subgroup AG. Then t(AU) is abelian. 

Proof. Let if be a finite subgroup of the commutator subgroup of t(AU). Then 
(by Theorem 1) H is contained in the center of AU. The set {u~ 1 Hu g \ g G AG} 
contains only a finite number of subgroups Hi , H2 , . . . , H t . The subgroup L = Hi ■ 
H2 • • • H t is finite and is invariant under the inner automorphism f g (x) = u~ 1 xu g 
of the ring K\AG, where g G AG. Let xi,... , x s be all elements of L. Then 
Hi = Xi — 1 is a nilpotent element, and in the commutative ring L the elements 
yi, . . . ,y s commute. Therefore 

s 

J = {^2 a iVi \ ®i e K, Xi = yi + 1 e L} 

i=i 

is a nilpotent subring. Let 

s 

F = (^2 a iUi z i \ cti e K,Xi = y.i + 1 e L,Zi e K X AG}. 
i=i 

Let us prove that F is a nilpotent right ideal of K\AG. If z = V ■ (3jU gj G K\AG 
then yiZ = (3jU gj u~^y.iU gj , and u~^y.iU gj equals one of the elements yi, ■ ■ ■ , y s - 
This and the nilpotency of the ring J imply that F is a nilpotent ring. By Passman's 
Theorem [6] , if char(K) does not divide the order of any element of AG then K\AG 
does not contain nilideals. Therefore F = 0, L = 1 and the commutator subgroup 
t(AU) is trivial, so t(AU) is abelian. □ 
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Corollary. Let K\AG be an infinite twisted group algebra. Then AU is a solvable 
group of length at most 3, and subgroup t(AU) is of nilpotent class at most 2. 

3. The FC property of U(K X G). 

Lemma 3. Let L be a subfield of the twisted group algebra K\G, where K is a 
subfield of L, g G G an element of order n and 

If a n 7^ X g for some a G L and au g = u g a then u g — a is a unit in K\G. 
Furthermore, if L is an infinite field then the number of such units is infinite. 

Proof. Let a G L, a n ^ \ g and u g a = au g . Then X g — a n is a nonzero element 
of L and 

(a 71 ' 1 + a n ~ 2 u g + ■■■ + au n g ~ 2 + u n g - 2 )(X g - a 71 )" 1 

is the inverse of u g — a. We know that the number of solutions of the equation 
x n — X g = in L does not exceed n. Thus in an infinite field L there are infinitely 
many elements not satisfying the equation x n — X g = 0. □ 

Lemma 4. Let G be an infinite locally finite group and char(K) does not divide 
the order of any element of G. If U(K\G) is an FC -group then G is abelian and 
K\G is commutative. 

Proof. Let W be a finite subgroup of G. Then the subalgebra K\W is a 
semiprime artinian ring and by the Wedderburn-Artin Theorem 

K X W = M(n u L>i) © • • • © M(n t , A), 

where each is a skewfield and M(n/j, D^) is a full matrix algebra. Let e^j, ej^ 
be matrix units in M(nk,Dk) and i ^ j. Then the unipotent elements 1 + eij, 
1 + ejj are central in K\G (see Theorem 1) which is impossible if i ^ j. Thus 
nk = 1 and K\W is a direct sum of skewfields, K\W = Di © D 2 © • • • © D t and 

U(K X W) = £/(L>i) x U(D 2 ) x • • • x U(D t ). 

By Scott's Theorem [7] any nonzero element of a skewfield is either central or has 
an infinite number of conjugates. Therefore K\W is a direct sum of fields and W is 
abelian. Since G is a locally finite group, G is abelian and K\G is a commutative 
algebra. □ 

Lemma 5. Let K\G be infinite and char(K) does not divide the order of any 
element of the normal torsion subgroup L of G. If U(K\G) is an FC -group, then 
all idempotents of K\L are cental in K\L. 
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Proof. Let the idempotent e G K\L be noncentral in K\G. Then there are 
exists g G G such that eu g ^ u g e. The subgroup H = (g~ l supp(e)g l \ i G Z) is 
finite and for any a G G the subalgebra K\H of FTa-L is invariant under the inner 
automorphism 4>(x) = u~ 1 xu a . It is easy to see (by Lemma 4) that K\H is a 
commutative semisimple FT-algebra of finite rank and the idempotent e G K\H is 
a sum of primitive idempotents. Consequently, there exists a primitive idempotent 
/ of K\H which does not commute with u g . Then the idempotents / and u~ x fu g 
are orthogonal and (u g f) 2 = u g fu g f = u^Ug 1 fu g )f = 0. By Theorem 1 the 
unipotent element 1 + u g f commutes with u g and (1 + u g f)u g = u g (l + u g f) 
implies u g f = fu g , which is impossible. Thus, all idempotents of K\L are central 
in K\G. □ 

Lemma 6. Let U(K\G) be an FC -group and t(G) the set of elements of finite 
order in G. Then 

1. G is an FC -group; 

2. if there exists an infinite subfield L in the center of K\G such that L D K then 
t(G) is central in G and X 9j h = ^h, g (h G t(G), g G G). 

Proof. If U(K X G) is an FC-group then G = {Xu g | A G U(K),g G 67} is an 
FC-subgroup. Clearly U(K) is normal in G and G = G/U(K). We conclude that 
G is an FC-group as it is a homomorphic image of the FC-group G. 

Let L be an infinite field which satisfies condition 2. of the Lemma. Then by 
Lemma 1 for any h G t(G) there exists a countable set S = {en G L \ i G Z} such 
that Uh — cti is a unit for all i G Z. Suppose that u g Uh ^ UhU g for some g G G. 
Next we observe that the equality 

(uh - cti)u g (u h - cti) -1 = (u h - aj)u g (u g - a j ) ~ 1 

holds only in case ctj = aj. Since 

(uh - ai)(uh - ttj) -1 = 1 + («j - oti){uh - 
we obtain that (a^ — a.j)(u g Uh — UhU g ) = and = aj. It follows that the set 

{(u h - aj)u g (u h - ay) -1 | i G Z} 

is infinite which contradicts the condition that U(K\G) is an FC-group. Then 

u g u h = u h u g , so [g,h] = 1, t{G) C ((G) and \ g , h = X hi9 (h G t(G),g G G). □ 

Lemma 7. Let G be an abelian torsion group, K\G a commutative semisimple 
algebra and v an idempotent of K\G. If K\Gv contains a finite number of idem- 
potents then K\Gv is a direct sum of finitely many fields. 

Proof. If all the idempotents of K\Gv, then 



L = {supp(e l ), . . . , supp(e t )) 
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is a finite subgroup in G and K x Lv is a direct sum of finitely many fields, 

K\Lv = {K x Lv)h © • • • © (K\Lv)f t , 

where /i, . . . , ft are orthogonal primitive idempotents of K x Lv. The corresponding 
direct sum in K x Gv is 

K x Gv = {K x Gv)h © • • • © (KxGv)f t . 

We show that the element ^ x G (K x Gv)fi is a unit, i? = (L, supp(x)) is a finite 
subgroup and K x Rv is a direct sum of finitely many fields, 

K x Rv = (K x Rv)h © • • • © {K x Rv)l u 

and each idempotent fi is either equal to an idempotent lj or is a sum of these 
idempotents. If fi = lj then xfi G (K x Rv)lj and a; is a unit in (K x Lv)fi. If 
/i = +h 2 {U^k* e ^A-M then (K x Lv)f t = (Ky.Lv)^ © (K x Lv)h 2 , but this 
does not hold. □ 

Theorem 3. Let be an infinite twisted group algebra of char(K x G) = p, such 
that t(G) contains a p-element and either the field K is perfect or for any element 
g E G of order p , the element u p g is an algebraic element over the prime subfield 
of K . Then U(K X G) is an FC -group if and only if G is an FC -group and satisfies 
the following conditions: 

1. p = 2 and \ G' |= 2; 

2. t(G) is central in G and t(G) = G' x H, where H is abelian, and has no 2- 
elements; 

3. K X H is a direct sum of a finite number of fields; 1 

4- {K\-^h-\g^h-^ g ,h I h e H} is a finite set for all g G G. 

Proof. Necessity. By Lemma 6 G is an FC-group. Let g be an element of 
order p . Then u p g = X g G U(K), and in the perfect field K we can take the 
p k -th root of X g which we denote by p. If K Q is the prime subfield of K and X g is 
algebraic over K then K (X g ) is a finite field and so it is perfect. Thus u g — p is 
nilpotent and 1 + p — u g and (by Theorem 1) the element 1 — (u g — p)u a are central 
in U(K X G). Then for any b G G by 

u b (l - (u g - p)u a ) = (1 - (u g - p)u a )u h 

implies 

u b u g u a - pu b u a - u g u a u b + pu a u b = 0. (4) 



If K\H is a group ring then H is a finite abelian group. 
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Each u g can be written in the form fi + (u g — fi) and so fi~ 1 u g = 1 + fi~ 1 (u g — fi). 
Thus fi~ 1 u g is an unipotent element and it commutes with u b and u a . Then (4) 
can be written as 

u g u b u a - u g u a u b - fiu h u a + fiu a u b = 0. (5) 

If [a, b] = 1 then by (5), (X a ,b — X bja )(u g — fi) = 0. From this equation we get that 
the coefficient of u g must be zero and \ a ^ b = X b , a - Thus, u b u a = u a u b . 
Let [a, b] ^ 1. Then by (5), u g u b u a = —fiu a u b and u g u a u b = —fiu b u a . So 

r u g = -niu- 1 ,^ 1 ]- 1 , ^ 

\Ug = -fl[u- 1 t U^ 1 ]. 

Consequently u 2 = fi 2 and (-u ff/ u -1 ) 2 = 1. Note that in (6) g may be any p-element, 
further a and b may be any noncommuting elements of G. This is possible only if 
p = 2. Then the commutator subgroup G of group G is of order 2 and coincides 
with the Sylow 2-subgroup of G. Thus G C ((G) and G is a nilpotent group of 
class at most 2. Let 

L= {/jLu h | fi e U(K),h e t(G)). 

Then L/U(K) is a torsion nilpotent group and its 2-Sylow subgroup is of order 2. 
Here L is abelian, because G is of order 2 and it is a subgroup in L. Therefore 
t(G) is abelian and t(G) = S x H, where S = (g \ g 2 = 1) is the Sylow 2-subgroup 
of t(G) and all elements of H are of odd order. 

We show that K\H is central in K\G. Let h E H,a E G and [it a , tt/j] 7^ 1. Then 
[««,«/,] = fiUg and 

XU a -l h -l ah = fiUg. (7) 

It is clear that [a, h] E H and the order of [a, /i] is odd, because H is normal in 
G. Since (7 is a 2-element, (7) does not hold. Thus K\H is central in K\G and 
t(G)c((G). 

Let us prove that K\H contains only a finite number of idempotents. Suppose 
K\H contains an infinite number of idempotents e±, €2, ■ ■ ■ ■ If d, b E G and [6, d] = 
g 7^ 1 then g 2 = 1 and (by Lemma 5) the element 1 — + it^e, is a unit. Clearly, 

(l-€i + u d ei)~ l u h {l -ei + u d ei) = u b (l - e t + fiu g e^), 

where /i = A d A b ^-1 A d -i ib A d -i bjd A d -i bdjb -i. 

If z 7^ j then 1 — a + fiu g ei 7^ 1 — ej + fiu g ej. Indeed, if 

1 - + /U-u g ei = 1 - ej + \m g e$, 

then (ej — ej)(fiu g — 1) = 0. Since — e 7 - G i^A-ff and n g ^ K\H, the last equality 
is true only in case i = j. Therefore ifi^j then 1 — + fiu g ei 7^ l — ej + ftu g ej and 
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lib has an infinite number of conjugates, which does not hold. Thus K\H contains 
a finite number of idempotents e±, . . . , e^, and (by Lemma 7) K\H is a direct sum 
of a finite number of fields. 

Since {u^UhUg \ g G G} is a finite set, we obtain condition 4. of the Theorem. 

Sufficiency. Let the conditions of the Theorem be satisfied. We prove that 
U{K\G) is an FC-group. 

Let G' = (a \ a 2 = 1) be the commutator subgroup of G and = X a , a - Thus 
the ideal 3 = K\G(u a — fx) is nilpotent. 

In K\G we choose a new basis {w g \ g e G}, 

( u g , i£geG \ (a), 

W 9 = i -1 T / \ 

I A» u gi lf 9 e W- 

Let G = Ubj(a) be the decomposition of the group G by the left cosets of (a). The 
element x + 3 G K\G/3 can be written as 

£ + 3 = ^ a i W bi + ^2 Pi W bi W a + 3 
i i 

= ^ a i W bi + ^2 fo W b( W a ~ 1) + ^ PiW bi + 3 = + Pi)w bi + 3. 

i i i i 

We show that K\G/3 is commutative. Indeed 

(Wg + 3){W h +3) = WgW h + 3 = W h Wg[Wg, W h ] + 3, 

and the commutator [w g , Wh] is either 1 or w a . If [w g , Wh] = w a then 

WgW h + 3 = W h WgW a + 3 = W h Wg(W a ~ l) + W h W g + 3 = W h W g + 3. 

We will construct the twisted group algebra K^H of the group H = G/ (a) over the 
field K with the system of factors (i. 

Let Ri(G/{a)) be a fixed set of representatives of all left cosets of the subgroup 
(a) in G and H = (hi = bi(a) \ bi G Ri(G / (a))) . The element + 3 is denoted by 
thi- If hihj = hk, then bibj = bta s (s = {0, 1}), and 

thithj = w hi w hj + 3 = XbifijWbka* + 3 = Xb u bjX b ^ a sWb k w a s + 3 

= K,b 3 X^ a sW hk + Kt^^Wb^Was - 1) + 3 

= ^b i ,b^ aS w bk +3. 

Let fjihi,hj = hubj^b^a* and A* = {^a,b I a, 6 G H}. Let {t h \ h e H} be a 
basis of the twisted group algebra K\i¥L with the system of factors \i. Clearly, 

thithj = ^bi,bjth k - 
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Let t(H) be the set of elements of finite order of H and H = Ucit(H) the 
decomposition of the group H by the cosets of the subgroup t(H). Then elements 
x, x~ x G U(K^H) can be given as 

t s 

x = S ^a i t Ci and x~ x = ^ fatdj, 
i=i i=i 

where ctj, j3j are nonzero elements of K^t(H). The subgroup 

L = (supp(ai), . . . , supp(a t ), supp(Pi), . . . , supp((3 s )) 
is finite and K^L is a direct sum of fields 

K^L = exK^L © • • • © e n K^L. (8) 

Let xek = Yl7=i li^a an d x~ 1 e k = Y^Li <Md») where 7$, 5j are nonzero elements of 
the field K^Le^. 

We know [8], that a torsionfree abelian group is orderable. Therefore we can 
assume that 

c tl t(H) < c i2 t(H) < ■ ■ ■< c in t(H) 

and 

d h t(H)<d h t(H)<---<d jm t(H). 

Then Ci 1 dj 1 t(H) is called the least and Ci n dj m t(H) is called the greatest among the 
elements of the form c is dj q t(H). It is easy to see that c^dj^H) < c in dj m t(H) if 
n > 1 or m > 1. Therefore 'j5it Cii t djl ^ lnSmt Cx Jd jm - Since x~ 1 e k xe k = e k , we 
have n = m = 1, xejt = ^t Cr and x _1 efc = ^~ x t~\ Thus, elements x and x~ x can 
be written as 

t t 
x = ^lit Ci and x" 1 = ^7 l " 1 ^. 1 , 
i=i i=i 

where 71, . . . ,7* are orthogonal elements. 

Let <p : K\G/3 1— > K^H be an isomorphism of these algebras. If x G U(K\G) 
then 0(x + 3) = X)!=i 7**Ci an d 7i £ K^Lei. It is easy to see that there exists an 
abelian subgroup L of G such that L = L/(a). The algebra K\L is commutative 
and its radical is a nilpotent ideal equal to 3 fl if a-^- Since K^L/ (3 fl K^L) = i^A-^; 
by the classic method of lifting idempotents, there exist idempotents fi, ■ ■ ■ , ft in 
if M L such that /1 + • • • + /t = 1 and fi + 3 = e^. Then a; = x/i + ■ • ■ + cc/t 
and 4>(xfi + 3) = "fit Ci , where ftj = bi(a),bi G 67. Then there exists an element 
Vi G K\Lfi such that + 3) = 7* and 4>(viW gi + 3) = 7i£/ li . We can find an 
element r G 3 such that x/j = (u, + rfi)w 9i . 
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Clearly Si = v% + rfi is a unit in K^Lfi and is central in K\G. Then si, . . . , St 
are orthogonal and x = Ylt=i s i w gn x ~ l = Ylt=i s 7 lw g i 1 - Since Sj G ((KxG), 
x~ 1 w g x = Yl\=i w g^ w g w gi f° r an y 9 ^ G. Because G is an FC-group, then by 
condition 4. of the Theorem w g has finite number of conjugates. Thus U(K\G) is 
an FC-group. □ 

Lemma 8. Let K be a field such that char(K) does not divide the order of any 
element oft(G), K\t(G) a commutative algebra that does not contain a nontrivial 
minimal idempotent. Then for any idempotent e G K\t(G) there exists an infinite 
set of idempotents e\ = e, e 2 , ■ ■ ■ such that 

e k e k+ i = e k+1 (k G N). (9) 

Proof. Suppose K\t(G) does not contain a nontrivial minimal idempotent. 
First we prove that for any idempotent there exists an infinite set of idempotents 
ei, e 2 , • • • in K\t{G) satisfying condition (9). 

Let ei be an idempotent of K\t(G) and Hi = (supp(ei)). Then the ideal 
K\t{G)ei is not minimal and contains a nontrivial ideal 3\ of K\t(G). Let 
7^ xi G 3 1 and H 2 = (H^ supp(xi)). Then 3\ = 3i fl K\H 2 is an ideal 
of K\H 2 and 3\ is generated by the idempotent e 2 because H 2 is a finite sub- 
group of t(G) and the commutative algebra K\H 2 is semiprime. It is easy to see 
that ei = e 2 + /, / 7^ and eie2 = e2- Indeed, if / = 0, then e\ = e 2 and 
K\t(G)ei = K\t(G)e 2 C 3i, which does not hold. The ideal K\t(G)e 2 contains a 
nontrivial ideal 3 2 of K\t{G). We choose a nonzero element 7^ x 2 G J2 and con- 
struct the subgroup H 3 = (H 2 , supp{x 2 )). The ideal 3 2 = 3 2 fl K\Hs is generated 
by the idempotent e3 and e 2 es = es 7^ e2- This method enables us to construct an 
infinite number of idempotents ei,e 2 , . . . , satisfying condition (9), which completes 
the proof. □ 

Lemma 9. Let K be a field such that char(K) does not divide the order of any 
element oft(G), and U(K\G) an FC-group. If the commutative algebra K\t(G) 
contains an infinite number of idempotents /1, f 2 , . . . and g = [a, b] (a, b G G) is 
an element of order n then the commutators [u a ,Ub] and [a, b] have the same order 
and 

(fi-f j )(l-[u a ,u b }) = (10) 

for some i 7^ j . 

Proof. Let g = [a, b] 7^ 1, where a, b G G. By B.H. Neumann's Theorem G/t(G) 
is abelian, thus g G t(G) and 1 — fi + u b fi is a unit in K\G. The element u a has a 
finite number of conjugates in U (K\G) and 



(1 - fi + u b 1 f i )u a (l - fi + U h fi) = u a (l - fi + [u a ,u b ]fi). 
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Consequently there exist i and j (i < j), such that 



1 - fi + [Ua, U b ]f l = 1 - fj + [u a , Ub]fj 



and 



(fi-f j )(l-[u a ,u b ]) = 0. 



(11) 



If n is the order of g = [a, b] then 



[u a ,u b ] = A a _ lia A 6 _ li6 A a -i >6 -iA, 



a- 1 &- 1 ,a-^a- 1 6- 1 a,&' u 3 



and [u a ,u b ] n = 7 G ^(K). Then by (11) we have that 7^ - f 3 ) = /» - Thus 
7 = 1 and [u a , w&] n = 1. □ 



Theorem 4. Let K\G be an infinite twisted group algebra, and char(K) does not 

divide the order of any element oft(G). If K\t{G) contains only a finite number 

of idempotents then U(K\G) is an FC -group if and only if G is an FC -group and 

the following conditions are satisfied: 

1. all idempotents of K\t(G) are central in K\G; 

2 - i X h?h-i X h-\g^h-ig,h I h E H} is a finite set for every g G G; 

3. K\t(G) is a direct sum of a finite number of fields; 

4- if K\t(G) is infinite then it is central in K\G. 

Proof. Necessity. By Lemma 4, 6 and 7 K\t(G) is commutative, G is an FC- 
group and all idempotents of K\t(G) are central in K\G. Since {u~ lr UhUg \ g G 67} 
is a finite set, condition 2. of the Theorem is satisfied. 

Since K\t(G) contains only a finite number of idempotents (by Lemma 7) K\t(G) 
is a direct sum of a finite number of fields. Let K\t(G) be infinite and K\t(G)ei 
is invariant under the inner automorphism <p(x) = for any g G G. Since 

(u g , K\t{G)ei \ {0}) is an FC-group there are exists an infinite subfield L g of 
K\t(G)ei such that yu g = u g y for every y G L. Let H = (g, t(G)). Then K\H is a 
subalgebra of K\G and (by Lemma 6) K\t(G) is central in K\H. 

Sufficiency. Let K\t{G) be a direct sum of fields, 



Then Fj = K\t(G)ei, where is a central idempotent in K\G. It is easy to see 
that K\G is a direct sum of ideals 



K\t(G) = F 1 ®F 2 @---®F t . 



K\G = K x Ge t © • • • © K x Ge t . 



(12) 



Let us prove that K\Ge q is isomorphic to a crossed product F q * H of the group 
H = G/t(G) and the field F q . 
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Let Ri(G/t(G)) be a fixed set of representatives of all left cosets of the subgroup 
t(G) in G. Any element x G K\Ge q can be written as 

where 7fc G K x t(G),c k G Ri(G/t(G)). If c iCj = c k h (h G t(G)) then 

U Ci U Cj = U CiCj X C i,Cj = U Ck hXci,Cj = u c k UhX Ck ^a,Cj ■ 

We will construct the crossed product F g * if, where 

H = {h l = Ci t(G) I Cj G Ri(G/t(G))}. 

Let a G F g and a be a map from ii" to the group of automorphism Aut(F q ) of the 
field F q such that a{hi){a) = u~^au Ct and let (i hijhj = u h X~^ h X CuCj . 

Clearly, the set ji = {fJ, a ,b G U(F q ) \ a,b G ii"} of nonzero elements of field F g , 
satisfies 

_ f(c) 
Ha,bcHb,c f^ab,c(^ a ^ i 



and 



a a(«)a(6) = ^-yiab)^ 



where a & F q and a, 6, c G if. 

Then F q * H = {J2heH WhC(h I a ^ e -^g} * s a crosse d product of the group H 
and the field F q and we have w di w dj = Wd k lidi,dj and aw di = w di a a( - di K 

Clearly, F q * H and K\Ge q are isomorphic because 

u Ci au Cj = u Ct u Cj {u~^au Cj ) = u Ck /j, CijCj a a{c ^ . 

We know [5] that the group of units of the crossed product K * H of torsionfree 
abelian group H and the field K consists of the elements w^a, where a G U(K), 
heH. By (12) for every y G U{K X G), 

y = w Cl 7iH + u Ct lt and y -1 = u'Sf 1 H + ^Wt" 1 , 

where 71, . . . ,7* are orthogonal elements. 

Let a; = 8 1 u dl H h <?>t«d t e U(K X G). Then 

yxy" 1 = Itc^itfiU^lt^f 1 H h Uc^StUdtU' 1 ^ 1 . 

If ^(G) is infinite then K\t(G) C C(^aC) and 

t t 
ya^" 1 = J^Mc^m" 1 = X) <y * A r. 1 c r lAc *' d < A Cid i ,cr lU c i d i c i -i- 
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Since G is an FC-group, by condition 2. of the Theorem, x has a finite number of 
conjugates, so U (K\G) is an FC-group. 

If K\t(G) is finite then F q is a finite field and 



Since G is an FC-group and F q is a finite field, x has a finite number of conjugates, 
so U{K\G) is an FC-group. □ 

Theorem 5. Let K\G be an infinite algebra over field K , and char(K) does 

not divide the order of any element of t(G). If the algebra K\t(G) contains an 

infinite number of idempotents then U (K\G) is an FC -group if and only if G is an 

FC -group and the following conditions are satisfies 

1. K\t(G) is central in K\G and contains a minimal idempotent; 

2 - {KX- 1 ' Kh ~ 1 '9^ h ~ 1 9' h \ h ^ H ) is a finite set for any g G 67; 

3. the commutator subgroups of G and of G are isomorphic and G' is either a finite 

group or isomorphic to the group Z(q°°) (q ^ p), and there exists an n G N, such 

that the field K does not contain the primitive q n -th root of 1; 
4- for every finite subgroup H of the commutator subgroup of G the element en = 

JTT\ ^heH h is a nonzero idempotent of K\t(G) , and K\t(G)(l — e#) is a direct 

sum of a finite number of fields. 2 

Proof. Necessity. By Lemma 4, 6 and 7 K\t(G) is commutative, G is an 
FC-group and all idempotents of K\t(G) are central in K\G. 

Let us prove that K\t(G) contains a minimal idempotent. Suppose the contrary. 
Let a, b G G and 1 7^ [a, b] = g. Since g is an element of finite order n, by Lemma 
9, [u a ,u b ] n = 1 and 



is an idempotent. By Lemma 11, for the idempotent 1 — / one can construct an 
infinite sequence of idempotents e\ = 1 — /, e2, . . . satisfying (9). By Lemma 9, 



where % < j. Consequently ([u a , Ub]) k (ei — ej) = (e^ — ej) for all k and /(e^ — ej) = 
(ej — ej). This implies (1 — /)(ej — ej) = 0. Since e\ = 1 — /, ei(ej — ej) = 0. If we 

2 If K\G is a group ring, then 1) and 3) implies 4) (see [6] p. 690, Lemma 4.3, also [10]). 



t 





i=l 



/=!(!+ [U a , Ub} 1 + [u a , U b ] 2 + ■■■+ [u a , U^ 1 ) 



(1 - [u a ,u b ])(ei - ej) = 0, 
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multiply this equality from the right by the elements e 2 , . . . , ej-i, by (9) we obtain 
(e_j_i — €j) = 0. Now we arrived at a contradiction, which proves that K\t(G) 
contains a minimal idempotent. 

It is easy to see that t(G) is infinite, otherwise K\t(G) would contain a finite 
number of idempotents. Kt{G) contains a minimal idempotent e, and there exists 
only a finite number of elements g G t(G), such that eu g = e. Consequently 
K\t(G)e is an infinite field and contains K as a subfield. Then as in the proof of 
Theorem 4, K\t{G) is central in K\G. 

Since {u~ x UfrU g \ g G G} is a finite set, we obtain condition 2. of the Theorem. 

Suppose c E G' and 

c = [ax, bi][a 2 , b 2 ] • • • [a n , b n ]. 
Since K\t{G) is central in K\G and 1 — ei + eiUb k G U{K\t{G)) we have 



fc=l k=l 



Yl (1 - e, + eiU b *)u ak (1 - ei + e^J = JJ (w afe (1 - e» + e^K,, u 6 J)) 

fc=i 



for all z G N. Since each u ai , u a2 , . . . , -u afe has a finite number of conjugates, there 
are only a finite number of different elements of form f|^ =1 (l — + ei[u ak , ui, k ]). 
We denoted these elements by w\, . . . ,w t . Let 

n 

W r (c) = {i G N | JI(l-ei + ei[u afc ,U6 fc ]) =w r }. 
k=i 

It is easy to see that the set of natural numbers N can be written as a union of 
subsets Wi(c) (i = 1, . . . ,£), of which at least one is infinite. If W\{c) is infinite 
and Wi(c) then 

n 

(ei- ei )(l-IjK»«6j) = 0- (13) 



fc=i 



It implies that if 



k=i 

then 7 = 1. 

Now we prove that the commutator subgroups of G and of G are isomorphic. It 
is easy to see that the map r(\u g ) = g (A G U(K) 7 g G G) is a homomorphism 
from G to C Every element h G G can be written as 

/l = [Uoi,«6i][«a 2 ,«6 2 ] • • • [«o„,«6„]- 
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As we have shown above, if h = A G U(K) then A = 1. Thus, r is an isomorphism 
from G' toG'. _ 

Let H be a finite subgroup of G . Then = jjjj YlheH ^ * s an idempotent of 
K\t(G). Suppose that K\t(G)(l — en) contains infinite number of idempotents 
ei, e2, • • • • If H = {hi, h 2 , • • • , h s }, then as it is shown above, for every hj G H, 

N = W 1 (h j )U---UW r(j) (h j ), 

where j = 1,2, ... ,s, and for every k ^ I, Wk(hj) and Wi(hj) have the empty 
intersection. 

It is clear that there exists an infinite subset M = W^hi) D • • • fl W is (h s ). If 
i,j G M, then by (13), we have (e$ — e_j)(l — /i r ) = for any r. Then 

1 

€i ~ 6j = TW] ~~ e ^ = eH ( €l ~ ( 14 ) 

I I r= l 

Since ( ei - e 3 ) G - e H ), by (14), 

(ei - e 3 ) = (1 - e H )(e ! - e,-) = (e; - e,-) - e H {ei - e 3 ) = 0. 

Thus, K\t(G)(l — en) contains a finite number of idempotents, and by Lemma 7, 
it can be given as a direct sum of a finite number of fields. 

Let us prove that there exist only finitely many elements of prime order in G'. 

Suppose the contrary. If a, b G G then 1 ^ [a, 6] = g G t(G). As we have seen 
above, if h G 67', then there exists \i G U(K) such that the order of the element fiuh 
equals the order of h. Then there exists a countably infinite subgroup S, generated 
by elements of prime order, such that (g) fl S = 1. By Priiffer's Theorem [9] S is 
a direct product of cyclic subgroups S = Ylj( a j) an d Qj is the order of element a 3 . 
Then 

e 3 = + nu a . + (jJLU a .) 2 + ■■■ + (fiUa^- 1 ) 

is a central idempotent and Xi = 1 — e^ + eiU a G U(K\G). By lemma 9 (e$ — 
e_j)(l — fiUg) = 0. Since g S we have z = j, which does not hold. Consequently G' 
contains only a finite number of elements of prime order and satisfies the minimum 
condition for subgroups (see [8]). Then 

G' = Pi x P 2 x • • • x P t x H, 

where Pi = Z((/°°) and | H |< oo. Let us prove that either G' = Z(q°°) or | G' | is 
finite. 

Let a, b G 67 and 1 ^ [a, 6] = g G t(67). Suppose there exists i such that 
# ^ Pi = (ai, a 2 , • • • | a\ = 1, a q j+1 = a 3 ). Then 



e k = ^(1 + fJLU aj + {^U aj ) 2 + ■■■ + (llU a3 ) q l ) 
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is an idempotent and (e^ — ej)(l — \iu g = 0. This is true only for i = j, if g ^ Pi, 
which is impossible. Thus, either G' = Z(q°°) or G" is a finite subgroup. 
Let K be a field which contains primitive g n -th root e n of 1 for all n and 

Pi = (ai,a 2 , • • • I a\ = 1, a] +1 = a-,). 

Put 

e i = ^K 1 + + fe^s) 2 + • • • + (e^Wa,)^" 1 ). 

Hi ^ j then (e^ — ej)(l — nu g ) ^ and by Lemma 9 this is impossible. Thus there 
exists n G N such that _KT does not contain a primitive g n -th root e n of 1. 

Sufficiency. Let us prove that any element u g (g G G) has a finite number of 
conjugates in U(K\G). 

Let G = {nu a | k G U(K),a G G}. We prove that H = ([u g ,G]) is a finite 

subgroup in G . If G' is finite, it is then obvious. If G is infinite then it is 
isomorphic to a subgroup of the group Z(q°°). Any element of the group G is of 
the form \iUh {\i G U(K), h G G) and 

[u g ,fiUh] = ^ g ^ g -i^ h ^ h -l^ g -i,h- 1 ^g- 1 h- 1 ,g^g- 1 h- 1 g,h u g- 1 h- 1 gh- 

Since G is an FG-group, and for a fixed element g the set {^u\-i Xh~ 1 , g ^h~ 1 g ,h I 
h G if} is finite, the number of commutators [u g , iiuu] is finite. These commutators 
generate a finite cyclic subgroup H of Z(q°°). The element e# = 4 YlheH h is a, 
nonzero idempotent in K\t(G) and by condition 4. of the Theorem K\t(G)(l — en) 
is a direct sum of a finite number of fields K\t(G)(l — en)fi (i = 1, . . . , s). 
In K\t(G) we have the decomposition 

K\t(G) = K x t(G)e H © K x t{G)h © • • • © K x t(G)f t . 

Then 

K A G = K\GeH © K\Gfi © • • • © K\Gf t . 

If x G U(K X G) then 

= + £/i H hs/t and x _1 = i _1 eH + a; _1 /i H h 

Consequently 

= x~ 1 e H u g xe h + x~ 1 fiu g xfi H h x~ 1 f t u g xf t . 

We show that the element xe^ is central in U(K\G). If x = OL\Uh x + • ■ • + ottUh t , 
then 

u g xeH = OL\u g Uh x en H h a t u g Uh t eH 

= aiu hl u g [u g ,u hl ]e H H h at«/i t Mhje^ 
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and [u g ,Uh] G H. Clearly, [u g ,Uh k ]en = en and 

u g xeH = a\Uh x u g eji H V a t Uh t eH = xenu g . 

K\Gfi is a crossed product F * H of the group if = G/t(G) and the field F = 
K\t(G)f{. We know ([5]) that the group of units of the crossed product F * H of 
a torsionfree abelian group H and a field F consists of the elements auh (a G 
h E H). The unit element x/i can be given as aiUh v where h & G and ctj is 
central in U{K x Gfi). Thus 

x- x f,u g xf % = ul]a- x u g a,u hi = u^u g u hi = M K-\ g K^ g , h u h -^ ghi - 
Therefore 

t 

x _1 w x = -u Q + >^ A~^i , A, -i A, -i . Ul-i . . 

3 5 /i i «i >fl K g,hi h i ghi 

i=l 

Since G is an FC-group, by condition 2. of the Theorem, u g has a finite number 
of conjugates in U{K\G). □ 
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